A locally conformally Khler (LCK) manifold is a complex manifold which admits a covering endowed with a Kähler metric with respect to which the covering group acts through homotheties. We show that the blow-up of a compact LCK manifold along a complex submanifold admits an LCK structure if and only if this submanifold is globally conformally Kähler. We also prove that a twistor space (of a compact four-manifold, a quaternionKähler manifold, or a Riemannian manifold) cannot admit an LCK metric, unless it is Kähler.
Blow-ups of LCK Manifolds 3 This result is quite unexpected, and leads to the following theorem about a special class of LCK manifolds called Vaisman manifolds (Section 2). Proof. Corollary 2.13
Positive currents on LCK manifolds
The proofs of Theorems 1.4 and 1.3 are purely topological. However, they were originally obtained using a less elementary argument involving positive currents.
We state this argument here, omitting minor details of the proof, because we think that this line of thought could be fruitful in other contexts too; for more information and missing details, the reader is referred to [2] [3] [4] .
A current is a form taking values in distributions. The space of ( p, q)-currents on M is denoted by D p,q (M).
A strongly positive current is a linear combination
where α I are positive, measurable functions, and the sum is taken over all multiindices I . An integration current of a closed complex subvariety is a strongly positive current. In this paper, we shall often omit "strongly", because we are only interested in strong positivity.
It is easy to define the de Rham differential on currents, and check that its cohomology coincides with the de Rham cohomology of the manifold.
Currents are naturally dual to differential forms with compact support. This allows one to define an integration (pushforward) map of currents, dual to the pullback of differential forms. This map is denoted by π * , where π : M −→ N is a proper morphism of smooth manifolds. (i) M belongs to locally conformally class C.
(ii) M admits an LCK current.
2
Blow-ups and Blow-downs of LCK Manifolds
We start by repeating (in a more technical fashion) the definition of an LCK manifold given in Section 1. See [5] for more details and several other versions of the same definition, all of them equivalent. 
for a closed one-form θ .
If θ is exact, then M is called globally conformally Kähler (GCK).
As we work with compact manifolds and, in general, the topology of compact
Kähler manifolds is very different from the one of compact LCK manifolds, we always assume θ = 0 on M. 
It can be shown that this property is indeed an equivalent definition of LCK manifolds, see [11] .
Clearly, an LCK manifold M is GCK if and only if Γ acts trivially onω (i.e., im χ = {1} ). (ii) π is a locally trivial fibration with fibers which are complex subvarieties of M.
Suppose also that the map
is independent from b ∈B 0 . This gives (recall the definition of the character χ in (2.2))
hence the constant χ γ is equal to 1 for all γ ∈ Γ . Therefore,ω is Γ -invariant, and M is GCK.
The above lemma immediately implies Corollary 2.14.
Corollary 3.2.
Let Z be the twistor space of M, understood in the sense of Corollary 2.14. Assume that Z admits an LCK metric. Then this metric is GCK.
Proof. There is a locally trivial fibration Z −→ M, with complex analytic fibers which are compact symmetric Kähler spaces, hence Lemma 3.1 can be applied. Possibly conformally changing now Ξ , we can assume that η is the unique harmonic form (with respect to the Vaisman metric of M) in its cohomology class. Possibly η |Y is no longer zero, but remains exact.
We now show that η is basic with respect to the canonical foliation F generated on M by θ − √ −1Jθ . Indeed, from [14] , we know that any harmonic form on a compact Let g be a LCK metric on M and let θ be its Lee form. Since Y is IGCK we see θ |Y is exact.
Let U be a neighborhood of Y such that the inclusion Y → U induces an isomorphism of the first cohomology. Then θ |U is also exact, so, after possibly conformally rescaling g, we may assume θ |U = 0 and hence g |U is Kähler. In particular, supp(θ ) ∩ U = ∅. Now choose a smaller neighborhood V of Y and apply Lemma 3.4. We get a Kähler metricg onŨ which equals c * (g) outside c −1 (V), so it glues to c * (g) giving a LCK metric onM.
